Abstract This paper studies the stability of the set containment problem. Given two nonempty sets in the Euclidean space which are the solution sets of two systems of (possibly infinite) inequalities, the Farkas type results allow to decide whether one of the two sets is contained or not in the other one (which constitutes the so-called containment problem). In those situations where the data (i.e., the constraints) can be affected by some kind of perturbations, the problem consists of determining whether the relative position of the two sets is preserved by sufficiently small perturbations or not. This paper deals with this stability problem as a particular case of the maintaining of the relative position of the images of two set-valued mappings; first for general set-valued mappings and second for solution sets mappings of convex and linear systems. Thus the results in this paper could be useful in the postoptimal analysis of optimization problems with inclusion constraints.
set C ⊂ R n and a parametrized body B (λ) ⊂ R n , with parameter λ ∈ . The idea is to maximize some functional (e.g., the volume of B (λ)) on the set {λ ∈ : B (λ) ⊂ C} (see [13] ); the problem of cutting a diamond with accepted form and maximal volume from a raw diamond is an example. The multi-body design centering problem considers B (λ) to be a finite union of non-overlapping bodies (with finitely many connected components). It is also possible to consider the question about if, givenλ ∈ such that B λ ⊂ C, then B (λ) ⊂ C for λ close enough toλ. When the sets C and B (λ) are described by inequality constraints
for some sets of indexes S and J , while λ ∈ , then one can pose the problem of studying the stability of the inclusion B (λ) ⊂ C when some of the data c s , b j , ω λ are subject to small perturbations. Another application is the knowledge-based data classification problem: F 0 represents the knowledge set (which is fixed) whereas G 0 belongs to a predetermined family of sets from which the decision maker selects one of the best for a certain optimality criterion under the condition that F 0 ⊂ G 0 . This problem was posed in [4] (where F 0 is a given convex polyhedron and G 0 is required to be a half-space) and extended by Mangasarian, Jeyakumar et al. to more general situations: in [10] and [11] , where F 0 and G 0 are solution sets of ordinary systems of differentiable constraints; in [8] , which deals with ordinary convex systems and linear semi-infinite systems (in brief, LSISs) and, finally, in [5] , where also convex semi-infinite systems (CSISs) are considered. The last paper considers the stable containment problem for LSISs, i.e., deciding whether the inclusion of solution sets of such kind of systems is preserved by sufficiently small perturbation of the coefficients. This paper extends the stable containment problem to CSISs, to general semi-infinite systems and even to arbitrary set-valued mappings.
More in detail, we consider given two set-valued mappings F : Y ⇒ R n and G : Z ⇒ R n , where (Y, ρ Y ) and (Z , ρ Z ) are pseudometric spaces and a couple (y 0 , z 0 ) ∈ Y × Z .
We say that the containment
In the case of systems, we consider given
where the index sets T and S are arbitrary and f 0 t , g 0 s : R n → R are bounded functions on bounded sets, for all t ∈ T and for all s ∈ S. We denote by Y the class of all systems of the form y = { f t (x) ≤ 0, t ∈ T } (i.e., those systems which have the same space of variables, R n , and the same index set, T ) and, in a similar way, the space of parameters associated with z 0 , say Z . We will identify each system { f t (x) ≤ 0, t ∈ T } with its corresponding set of data (functions) { f t } t∈T . In Sect. 3 below we define pseudometrics on the parameter spaces Y and Z via these sets of data; these pseudometrics provide the uniform convergence on T and S, respectively. So, in this paper systems of inequalities are view as points in pseudometric spaces. In this context F and G will be the feasible set mappings, i.e., F (y) and G (z) are the solution sets of y = { f t (x) ≤ 0, t ∈ T } and z = {g t (x) ≤ 0, s ∈ S}, respectively.
We recall the stability concepts and some basic results for set-valued mappings that we shall consider in this paper. Let F : Y ⇒ R n be a set-valued mapping. Its domain
